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Abstract
The study of locating-chromatic numbers has been done for many classes of graphs. Recently, Behtoei and Anbarloei (2014)
presented the locating-chromatic number of wheels. Inspired by the result of Behtoei and Anbarloei, the authors (2012,2013) gave
the locating-chromatic number of the subdivision of a wheel on one of its spoke or cycle edges. In this paper, we determine an
upper bound on the locating-chromatic number of a subdivision of any connected graph on any one edge and show that the bound
is tight. In particular, we give the lower bound for the locating-chromatic number of a subdivision of any graph on a pendant edge.
Furthermore, we give the exact values of the locating-chromatic number of a subdivision of a complete and a star graph on any one
edge.
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1. Introduction
The locating-chromatic number of a graph is a combination concept of a new concept ”partition dimension of a
graph” and an old concept ”coloring of a graph”. In the locating-chromatic number, we partition the vertices of a
graph by using a proper coloring, while in partition dimension, we can use any partition.
Let G = (V, E) be a simple connected graph. Let c be a k-coloring on G which induces a partition Π of V(G) into
color classes R1,R2, . . . ,Rk, where Ri = {v ∈ V(G)|c(v) = i} for i ∈ [1, k]. The color code cΠ(v) of vertex v is deﬁned
as (d(v,R1), d(v,R2), ..., d(v,Rk)), where d(v,Ri) = min{d(v, x)|x ∈ Ri} for i ∈ [1, k]. The coloring c is called a locating
k-coloring on G if every vertex has a unique color code. The locating-chromatic number of G, denoted by χL(G), is
the smallest k such that G admits a locating k-coloring.
This concept was introduced and studied by Chartrand et al. [8] They established the bounds for the locating-
chromatic number k of a connected graph G in terms of its order n ≥ 3 and diameter d ≥ 2, namely logd+1 n ≤ k ≤
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n − d + 2 and n ≤ kdk−1 − 1. They showed that for a connected graph G of order n ≥ 3, χL(G) = n if and only if G is
a complete multipartite graph. The gap between the chromatic number and the locating-chromatic number of a graph
can be arbitrary, i.e, for any integers a, b with 2 ≤ a ≤ b, there exists a connected graph with the chromatic number
a and the locating-chromatic number b. They also determined the locating-chromatic number of some well-known
classes of graphs such as paths, cycles, and complete graphs.
Furthermore, Chartrand et al. [8] also studied the locating-chromatic number on trees. They showed the existence of
a tree on n vertices with locating-chromatic number k for any k ∈ {3, 4, . . . , n − 2, n}. The locating-chromatic number
of a special classes of trees was also obtained, for instances, for an amalgamation of stars [1] and ﬁrecracker graphs[2].
The characterization of all graphs of order n ≥ 3 and having certain locating-chromatic number k has been studied,
namely for k = n−1 by Chartrand et al. [9] and for k = 3 by Baskoro et al. [3,4]. However, the characterization for other
k is still open.
The locating-chromatic numbers of graphs obtained by some graph operations are also interesting to be studied.
In [5], we studied the locating-chromatic number for the corona product of graphs and gave an upper bound for the
locating-chromatic number of the corona product of any two connected graphs G and H with diam(H) ≥ 2.We also
gave the exact value of the locating-chromatic number for the corona product of some well-known graphs, namely
pairs of a path with a complete graph, a path with a complement of a complete graph, a cycle with a complement of
a complete graph, and a complete graph with a complement of a complete graph. Behtoei et al. [7] gave the locating-
chromatic number for the Cartesian product of any two graphs.
In this paper, we determine the locating-chromatic number for the graphs obtained by a subdivision operation on
a given graph G. We determine an upper bound on the locating-chromatic number of a subdivision of any connected
graph on any one edge and show that the bound is tight. In particular, we give the lower bound for the locating-
chromatic number of a subdivision of any graph on a pendant edge. Furthermore, we give the exact values of the
locating-chromatic number of a subdivision of a complete and a star graph on any one edge.
2. Main Results
For any graph G, e ∈ E(G), and any integer k ≥ 1, deﬁne S (G(e; k)) as a graph produced by a subdivision of
G on an edge e in G in k times, i.e., by replacing edge e = ab with a path au1u2 . . . ukb of length k + 1, where ui
are the new vertices and we call them subdivision vertices. In the following theorems, we give a connection on the
locating-chromatic numbers between a graph G and the subdivision of G on one edge.
Theorem 1. For any simple connected graph G, e ∈ E(G), and integer k ≥ 1, χL(S (G(e; k))) ≤ χL(G) + 1.
Proof. Let G′ = S (G(e; k)), V(G) = {v1, v2, . . . , vn}, and e = v1v2 be the subdivision edge. Then, V(G′) = V(G) ∪
{u1, u2, . . . , uk} where {u1, u2, . . . , uk} is the set of subdivision vertices and the path v1u1u2 . . . ukv2 replaces the edge e.
Let χL(G) = t and c be a locating t−coloring on G, without loss of generality, assume c(v1) = 1 and c(v2) = 2. Now,
construct a (t + 1)−coloring c′ on G′ such that
c′(w) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
c(w), if w = vi for 1 ≤ i ≤ n;
t + 1, if w = ui for 1 ≤ i ≤ k and i is odd;
1, if w = ui for 1 ≤ i ≤ k and i is even.
Let Ri be the set of all vertices of color i.Next, we will show that c′ is a locating (t+1)−coloring onG′. Let x, y ∈ V(G′)
such that c′(x) = c′(y).
Case 1. x = ui and y = v j.
By the deﬁnition of c′, we need only consider the case of c′(x) = c′(y) = 1. If y = v1, then we have the following
subcases. If deg(y) = 1, then x and y are distinguished by v2. If deg(y) ≥ 2 and there exists a neighbor of y not in
R2∪Rt+1, say in R3, then x and y are distinguished by R3. If deg(y) ≥ 2 and all neighbors w1,w2, . . . ,wdeg(y)−1 of y other
than u1 are in R2, then we have the followings. If x  uk, then x and y are distinguished by R2. If x = uk, then choose
a color class Rl∗ that distinguishes wl, a neighbor of y, and v2 that satisﬁes d(wl,Rl∗) = min{d(wi,Ri∗)|1 ≤ i ≤ d(y)}
where Ri∗ is the color class that distinguish wi and v2 such that d(wi,Ri∗) minimum among other classes. Hence, x and
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y are distinguished by Rl∗. If y = v j and j  1, then d(x,Rt+1) = d(ui,Rt+1) = 1 < 2 ≤ d(v j,Rt+1) = d(y,Rt+1).
Case 2. x = ui and y = u j.
In this case, c′(x) = c′(y) if and only if i and j are in the same parity. If x and y have distinct distances to R2, then
x and y are distinguished by R2. Now assume that x and y have the same distance to R2 through vertices vl and v2,
respectively. If v1 has a neighbor v∗ not in R2 ∪ Rt+1, say in R3, then x and y are distinguished by R3. Otherwise, let
w1,w2, . . . ,wdeg(y)−1 be the neighbors of y other than u1. Then wi is in R2 for all i. Now, choose a color class Rl∗ that
distinguishes wl, a neighbor of y, and v2 that satisﬁes d(wl,Rl∗) = min{d(wi,Ri∗)|1 ≤ i ≤ deg(y)} where Ri∗ is the color
class that distinguish wi and v2 such that d(wi,Ri∗) minimum among other classes. Hence, x and y are distinguished
by Rl∗.
Case 3. x = vi and y = v j.
Since c is a locating-coloring of G, then there exist vertices z1 and z2, say in R3, such that dG(x, z1) < dG(y, z2). If
both of the shortest paths from x to z1 and y to z2 do not contain the edge e, then dG′ (x, z1) = dG(x, z1) < dG(y, z2) =
dG′ (y, z2). If exactly one of the shortest paths from x to z1 and y to z2 contains the edge e, then the shortest path that
contains edge e must be the path form y to z2. Now, consider the following subcases. If d(x,Rt+1)  d(y,Rt+1), then
x and y are distinguished by Rt+1. If d(x,Rt+1) = d(y,Rt+1), then by subdividing the edge e, dG′ (x, z1) = dG(x, z1) <
dG(y, z2) < dG′ (y, z2). If both of the shortest paths from x to z1 and y to z2 contain the edge e, then the shortest path
from x to z1 through the edge e by v1 ﬁrst and then v2, and the shortest path from y to z2 through the edge e by v2 ﬁrst
and then v1. Therefore, by subdividing the edge e, dG′ (x, z1) = dG(x, z1) < dG(y, z2) < dG′ (y, z2).
Therefore, c′ is a locating (t + 1)−coloring of S (G(e; k)).
Since a caterpillar C(2, 2, 2) is contained in the list of all trees with locating-chromatic number 3 as given in[4],
then χL(C(2, 2, 2)) = 3. But if e is a backbone edge of C(2, 2, 2), then for any k ≥ 1, S (C(2, 2, 2)(e; k)) is not contained
in the list of the trees with locating-chromatic number 3. Therefore, we have χL(S (C(2, 2, 2)(e; k))) = 4. This example
gives us the fact that the upper bound in Theorem 1 is tight. The Figure 1 gives a locating coloring of C(2, 2, 2) and
S (C(2, 2, 2)(e; k)) for any k ≥ 1.
Fig. 1. A locating coloring of C(2, 2, 2) and S (C(2, 2, 2)(e; k)).
Next, we will show how a subdivision aﬀects the locating-chromatic number of a complete graph. Since every two
vertices in a complete graph Kn of order n ≥ 2 are adjacent, then χL(Kn) = n. If we subdivide any one edge in Kn, then
the locating-chromatic number of S (Kn(e; k)) can be the same as or higher than locating-chromatic number of Kn.
Theorem 2. Let Kn be a complete graph of order n ≥ 2. For any edge e in Kn and integer k ≥ 1,
χL(S (Kn(e; k))) =
{
n + 1, if (n = 2 and k ≥ 1) or (n = 3 and k is odd);
n, otherwise.
Proof. Since for any integer k ≥ 1, S (K2(e; k)) is isomorphic to a path Pk+2 of order k + 2 and χL(Pk+2) = 3, then
χL(S (K2(e; k))) = χL(Pk+2) = 3. Since for any integer k ≥ 1, S (K3(e; k)) is isomorphic to a cycle Ck+3 of order k + 3
and χL(Ck+3) = 3 if k + 3 is odd and 4 otherwise, then χL(S (K3(e; k))) = χL(Ck+3) = 3 if k is even and 4 otherwise.
For simplicity, let K′n = S (Kn(e; k)), V(Kn) = {v1, v2, . . . , vn}, and e = v1v2 be the subdivision edge. Then V(K′n) =
V(Kn)∪{u1, u2, . . . , uk} where {u1, u2, . . . , uk} is the set of subdivision vertices and the path v1u1u2 . . . ukv2 replaces the
edge e. Let c be a locating n−coloring of Kn such that c(vi) = n + 1 − i.
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For n ≥ 4 and k ≥ 1, χL(K′n) cannot be n − 1 since no matter how we color the vertices in K′n with n − 1 colors, the
color of v1 and v2 will be the same. Since both of v1 and v2 are adjacent to all vertices vi, 3 ≤ i ≤ n, then the color
codes of v1 and v2 are also the same. So, χL(K′n) ≥ n. For the upper bound, we deﬁne a n−coloring c′ on K′n such that
c′(w) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
c(w), if w = vi for 1 ≤ i ≤ n;
1, if w = ui for 1 ≤ i ≤ k and i is odd;
2, if w = ui for 1 ≤ i ≤ k and i is even.
Let Ri be the set of all vertices of color i. Next, we will show that c′ is a locating n−coloring on K′n. Let x, y ∈ V(K′n)
such that c′(x) = c′(y). Then c′(x) = c′(y) = 1 or c′(x) = c′(y) = 2. Since the proofs for both cases are similar, then we
only consider the case c′(x) = c′(y) = 1. If x = ui and y = u j, consider that d(ul,Rn) = d(ul, v1) = l if 1 ≤ l ≤ 	 k2 
 + 1
or k − l + 3 otherwise; and d(ul,Rn−1) = d(ul, v2) = l + 2 if 1 ≤ l ≤ 	 k2 
 − 1 or k − l + 1 otherwise. So, we have the
following facts.
• If 1 ≤ i < j ≤ 	 k2 
 + 1, then d(x,Rn) = d(ui, v1) = i < j = d(uj, v1) = d(y,Rn). So, x and y are distinguished by
Rn.
• If 1 ≤ i ≤ 	 k2 
 + 1 and 	 k2 
 + 2 ≤ j ≤ k, then d(x,Rn) = d(ui, v1) = i and d(y,Rn) = d(u j, v1) = k − j + 3.
Therefore, we have
– If i  k − j + 3, then x and y are distinguished by Rn.
– If i = k− j+3 and i ≤ 	 k2 
−1, then d(x,Rn−1) = d(ui, v2) = i+2 = k− j+5 > k− j+1 = d(uj, v2) = d(y,Rn−1).
So, x and y are distinguished by Rn−1.
– If i = k − j + 3 and i ≥ 	 k2 
, then d(x,Rn−1) = d(ui, v2) = k − i + 1 = k − (k − j + 3) + 1 = j − 2
and d(y,Rn−1) = d(u j, v2) = k − j + 1. If j − 2  k − j + 1, then x and y are distinguished by Rn−1. If
j − 2 = k − j + 1, then j = k+32 and i = k − k+32 + 3 = k+32 = j. It contradicts the fact that i  j.
• If 	 k2 
 + 2 ≤ i < j ≤ k, d(x,Rn) = d(ui, v1) = k − i + 3 > k − j + 3 = d(u j, v1) = d(y,Rn). So, x and y are
distinguished by Rn.
If x = ui and y = vn, then we have the followings.
• If k = 1, then d(x,R2) = d(u1, vn−1) = 2 > 1 = d(vn, vn−1) = d(y,R2). So, x and y are distinguished by R2.
• If k ≥ 2, then d(x,R3) = d(ui, vn−2) ≥ 2 > 1 = d(vn, vn−2) = d(y,R3). So, x and y are distinguished by R3.
So, c′ is a locating-coloring in K′n. Thus, χL(K′n) = n for n ≥ 4 and k ≥ 1.
Until now, we have not found a graph that satisﬁes χL(S (G(e; k))) ≤ χL(G) − 2. Therefore, we conjecture that for
any simple connected graph G, e ∈ E(G), and integer k ≥ 1, χL(S (G(e; k))) ≥ χL(G) − 1. For some graphs, we can
show that this lower bound is true. The following theorem gives us the lower bound on the locating-chromatic number
of a subdivision of any simple connected graph on one of its pendant edges.
Theorem 3. For any simple connected graph G containing a pendant edge e, and integer k ≥ 1, χL(S (G(e; k))) ≥
χL(G) − 1.
Proof. Let G′ = S (G(e; k)), V(G) = {v1, v2, . . . , vn}, and e = v1v2 be the subdivision edge, deg(v1) = 1, then V(G′) =
V(G)∪ {u1, u2, . . . , uk} where {u1, u2, . . . , uk} is the set of subdivision vertices and path v1u1u2 . . . ukv2 replace the edge
e. Let χL(G) = t. Suppose χL(G′) = t − 2, then there exist a locating (t − 2)−coloring on G′, say c′. Now, construct a
(t − 1)−coloring c on G such that
c(w) =
{
c′(w), if w = vi for 2 ≤ i ≤ n;
t − 1, if w = v1.
Let Ri be a set of all vertices of color i.Next, we will show that c is a locating (t−1)−coloring onG. Let x, y ∈ V(G) such
that c(x) = c(y). If dG(x, v1)  dG(y, v1), then x and y are distinguished by Rt−1. Otherwise, there exist a color class Rl
that distinguishes x and y under the coloring c′. It means there are vertices z1 and z2 in Rl such that d′G(x, z1) < d
′
G(y, z2).
Since dG(x, v1) = dG(y, v1), then both z1 and z2 cannot lie on the path v1u1u2 . . . ukv2. Therefore, by removing all
subdivision vertices, dG(x, z1) = d′G(x, z1) < d
′
G(y, z2) = dG(y, z2). So, c is a locating (t−1)−coloring ofG. It contradicts
the fact that the locating-chromatic number of G is t. Therefore, χL(G′) ≥ t − 1.
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The lower bound in the Theorem 3 is tight since for any n ≥ 3, we have χL(K1,n) = n + 1 but χL(S (K1,n(e; k))) = n
for any edge e and integer k ≥ 1.
Theorem 4. For any integer n ≥ 3, let K1,n be a star of order n + 1. For any edge e in K1,n and integer k ≥ 1,
χL(S (K1,n(e; k))) = n.
Proof. For a simplicity, let K′1,n = S (K1,n(e; k)), V(K1,n) = {v, v1, v2, . . . , vn}, v is the hub and e = vvn be the subdivision
edge. Then V(K′1,n) = V(K1,n) ∪ {u1, u2, . . . , uk} where {u1, u2, . . . , uk} is the set of subdivision vertices and the path
vu1u2 . . . ukvn replaces the edge e. Let c be a locating (n + 1)−coloring of K1,n such that c(vi) = i and c(v) = n + 1.
For n ≥ 3 and k ≥ 1, χL(K′1,n) cannot be n− 1 since all vertices vi, 1 ≤ i ≤ n− 1, have the same distance to all other
vertices in K1,n and adjacent to v. So, χL(K′1,n) ≥ n. For the upper bound, we deﬁne a n−coloring c′ on K′1,n such that
c′(w) =
⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
c(w), if w = vi for 1 ≤ i ≤ n − 1;
n, if w = v;
1, if (w = vn and k is even) or (w = ui for 1 ≤ i ≤ k and i is odd);
2, if (w = vn and k is odd) or (w = ui for 1 ≤ i ≤ k and i is even).
Let Ri be the set of all vertices of color i. Next, we will show that c′ is a locating n−coloring on K′1,n. Let x, y ∈ V(K′1,n)
such that c′(x) = c′(y). Then c′(x) = c′(y) = 1 or c′(x) = c′(y) = 2. Since the proofs for both cases are similar then we
only consider the case c′(x) = c′(y) = 1. If x = ui and y = uj, consider that d(ul,Rn) = d(ul, v) = l for all 1 ≤ l ≤ k. So,
we have d(x,Rn) = d(ui, v) = i < j = d(uj, v) = d(y,Rn). So, x and y are distinguished by Rn. If x = ui and y = vn, then
d(x,Rn) = d(ui, v) = i < k + 1 = d(vn, v) = d(y,Rn). So, x and y are distinguished by Rn. So, c′ is a locating-coloring
in K′1,n. Thus, χL(K
′
1,n) = n for n ≥ 3 and k ≥ 1.
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